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CONVEX SEPARABLY RATIONALLY CONNECTED
COMPLETE INTERSECTIONS
KATSUHISA FURUKAWA
Abstract. We give a generalization of a result of R. Pandharipande to
arbitrary characteristic: We prove that, ifX is a convex, separably rationally
connected, smooth complete intersection in PN over an algebraically closed
field of arbitrary characteristic, then X is rational homogeneous.
1. Introduction
F. Campana and T. Peternell [3] conjectured that, if X is a smooth Fano
variety (over C) with nef tangent bundle, then X is rational homogeneous.
This was answered over C affirmatively by Campana and Peternell in the case
of dim(X) 6 3 [3] and in the case of dim(X) = 4 with Picard number ρX > 1
[4], by N. Mok [10] and J. M. Hwang [8] for any 4-dimensional X , and by
K. Watanabe in the case of dim(X) = 5 with ρX > 1 [12].
We say that a variety X is convex if every morphism µ : P1 → X satisfies
H1(P1, µ∗TX) = 0. R. Pandharipande [11] proved that, if X is a convex,
rationally connected, smooth complete intersection in PN over C, then X is
rational homogeneous. Since a smooth Fano variety is rationally connected
(over C), and since nefness of the tangent bundle implies convexity, the result
solved the conjecture for complete intersections.
Question 1.1. Does the statement of the above theorem of Pandharipande
hold in arbitrary characteristic?
In this paper, we prove:
Theorem 1.2. Let X be a convex, smooth complete intersection in PN over
an algebraically closed field of arbitrary characteristic. Assume that: (i) there
exists an immersion P1 → X. Then X is of degree 6 2; in particular, X is
rational homogeneous.
Note that a complete intersection X ⊂ PN satisfies the above condition (i)
if one of the following conditions (ii-iv) holds: (ii) X is separably rationally
connected; (iii) X is Fano; (iv) 2N − 2− r >
∑r
i=1 d
i holds, where (d1, . . . , dr)
is the type of X . (See Remark 4.2.) As a corollary, a smooth Fano com-
plete intersection with nef tangent bundle is rational homogeneous in arbitrary
characteristic.
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The paper is organized as follows. In §2, we first study the parameter space
H of complete intersections of type (d1, . . . , dr) and the incidence variety I ⊂
G(1,PN)×H parametrizing pairs (L,X) such that L ⊂ X ; the techniques are
based on [2], [5], [7], [9, V. 4]. A rational curve µ : P1 → X is said to be free if
H1(P1, µ∗TX ⊗ OP1(−1)) = 0. Next, we define the subset J ⊂ I parametrizing
pairs (L,X) such that L is non-free in X , and we give a calculation method
of the defining polynomials of J . In §3, assuming all di > 1 and the product∏
16i6r d
i > 2, we construct a pair (L,X) such that the space of non-free lines
in X is smooth and of expected dimension at L. In these constructions, it
is necessary to take care of the characteristic two case (see Remark 3.4). In
consequence, we show that pr2 |J : J → H is surjective. Thus, under our
assumption, every complete intersection X of type (d1, . . . , dr) has a non-free
rational curve; then we have the proof of Theorem 1.2 in §4.
Acknowledgments. The author would like to thank Kiwamu Watanabe,
who asked Question 1.1 after his talk at Tokyo Denki University at August
2013. Watanabe also asked “Does there exist a counter-example of Campana-
Peternell conjecture in positive characteristic?”. The author was partially sup-
ported by JSPS KAKENHI Grant Number 25800030.
2. Parameter space of complete intersections
2.1. Incidence variety and its projection. We fix some notation. Let Hd
be the projectivization of the vector space H0(PN ,O(d)), whose general mem-
bers parametrize hypersurfaces of degrees d in PN . We take d = (d1, . . . , dr)
with r positive integers d1, . . . , dr, and denote by |d| :=
∑
16i6r d
i. Let
H := Hd1 × · · · ×Hdr ,
whose general member h = (h1, . . . , hr) defines an (N − r)-dimensional com-
plete intersection X ⊂ PN of type d. For a homogeneous polynomial ϕ ∈
H0(PN ,O(d)) and a line L ⊂ PN , we denote by ϕ|L the image of ϕ under the
linear map H0(PN ,O(d))→ H0(L,O(d)).
Definition 2.1. We set
I = { (L,h) ∈ G(1,PN)×H | h1|L = · · · = h
r|L = 0 },
the incidence variety whose general members parametrize pairs (L,X) such
that L ⊂ X . We denote by
pr1 : I → G(1,P
N), pr2 : I → H,
the first and second projections.
Remark 2.2. Each fiber of I → G(1,PN) at L is isomorphic to Id1,L×· · ·×Idr ,L,
where we denote by IL ⊂ OPN the ideal sheaf of L ⊂ P
N and by Id,L ⊂
Hd the projectivization of H
0(PN , IL(d)). Note that Id,L ⊂ Hd parametrizes
hypersurfaces of degree d containing the line L. From the exact sequence
0→ H0(PN , IL(d))→ H
0(PN ,OPN (d))→ H
0(L,OL(d))→ 0,
CONVEX SEPARABLY RATIONALLY CONNECTED COMPLETE INTERSECTIONS 3
we have codim(Id,L,Hd) = d+ 1. Hence
codim(I,H×G(1,PN)) = codim(Id1,L × · · · × Idr ,L,H) = |d|+ r.
In addition,
dim(I)− dim(H) = dimG(1,PN)− (|d|+ r) = 2N − 2− |d| − r.(1)
We denote by
(S : T : Z1 : Z2 : · · · : ZN−1)(2)
the homogeneous coordinates on PN .
Definition 2.3. We take a line L = (Z1 = · · · = ZN−1 = 0) ⊂ P
N . For a
homogeneous polynomial h ∈ H0(PN ,O(d)) with h|L = 0, we define a homo-
morphism δL(h) : OL(1)
⊕N−1 → OL(d) by
(f1, · · · , fN−1) 7→ hZ1 |L · f1 + · · ·+ hZN−1 |L · fN−1,
where hZj := ∂h/∂Zj ∈ H
0(PN ,O(d− 1)).
Now, we take h = (h1, . . . , hr) ∈ H such that (L,h) ∈ I. Then, r homomor-
phisms δL(h
1), . . . , δL(h
r) induce a homomorphism
δL(h) : OL(1)
⊕N−1 →
⊕
16i6r
OL(d
i) · εi.
Remark 2.4. Let K be the ground field. The image of the linear map
H0(δL(h)(−1)) : H
0(L,O)⊕N−1 = K⊕N−1 →
⊕
16i6r
H0(L,O(di − 1)) · εi
is equal to the vector subspace spanned by N − 1 elements∑
16i6r
hiZ1 |L · ε
i, . . . ,
∑
16i6r
hiZN−1 |L · ε
i.(3)
Lemma 2.5. Let (L,h) ∈ I be as above. Let X ⊂ PN be a complete inter-
section defined by h, and assume that X is smooth along L. Then δL(h) is
regarded as the natural map NL/PN → NX/PN |L,
Proof. We first consider the case of r = 1. The exact sequence 0 → I2L →
IL → N
∨
L/PN → 0 induces the following linear map:
H0(PN , IL(d))→ H
0(L,N∨L/PN ⊗ O(d)).(4)
Let h ∈ H0(PN , IL(d)) and let X ⊂ P
N be the hypersurface defined by h.
Then the image of h under the above map gives a natural homomorphism
NL/PN → NX/PN |L ≃ OL(d) (see [7, Rem. 3.9]).
Since L = (Z1 = · · · = ZN−1 = 0), we can write h = h1Z1 + · · · +
hN−1ZN−1. Here the image of h in H
0(L,N∨L/PN ⊗ O(d)) under (4) is given
by (h1|L, . . . , hN−1|L). On the other hand, we have hZi|L = hi|L. Hence
NL/PN → NX/PN is identified with δL(h) : OL(1)
⊕N−1 → OL(d).
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Next, for any r > 1, considering the linear map
H0(PN , IL ⊗
⊕
16i6r
OPN (d
i))→ H0(L,N∨L/PN ⊗
⊕
16i6r
OL(d
i)),(5)
instead of (4), we have the assertion in a similar way to the case of r = 1. 
Remark 2.6. The linear map H0(δL(h)(−1)) is surjective if and only if L is
free in X , i.e., H1(L,NL/X(−1)) = 0. This follows from H
1(L,NL/PN (−1)) = 0
and the following exact sequence:
0→ NL/X → NL/PN
δL(h)
−−−→ NX/PN |L → 0.
Lemma 2.7. Assume 2N −2− r > |d|. Then pr2 : I → H is surjective, which
means that every complete intersection of type d in PN contains a line.
Proof. It holds, for example, in a similar way to [7, Proof of Prop. 3.15]. 
Definition 2.8. We denote by J the set of pairs (L,h) ∈ I such that the linear
map H0(δL(h)(−1)) is not surjective.
Assume that a complete intersection X ⊂ PN defined by h ∈ H is smooth
along a line L. Then (L,h) ∈ J if and only if L is non-free in X , because of
Remark 2.6.
Theorem 2.9. Assume that 2N − 2− r > |d|,
∏
16i6r d
i > 2, and all di > 1.
Then pr2 |J : J → H is surjective.
Remark 2.10. If N 6 |d|, then we have J = I. This immediately follows
from Remark 2.4. Thus J → H is surjective, because of Lemma 2.7.
We denote by Jh := pr1(pr
−1
2 (h)∩J) ⊂ G(1,P
N). In the case of |d| 6 N−2,
the above theorem follows from:
Proposition 2.11. Assume that N − 2 > |d|,
∏
16i6r d
i > 2, and all di > 1.
Then there exists a pair (L,h) ∈ J such that Jh is smooth and of dimension
N − r − 2 at the point L ∈ G(1,PN).
Our goal is to construct an expected pair (L,h), satisfying the statement
of Proposition 2.11. In the next subsection, as a preparation, we give defining
polynomials of Jh on an affine open subset of G(1,P
N).
2.2. Defining polynomials of the space of non-free lines. Let us fix (s : t)
as the homogeneous coordinates on P1, and (S : T : Z1 : Z2 : · · · : ZN−1) on
PN . We set G◦1 ⊂ G(1,P
N) to be the standard open subset, which is the set
of lines L such that L ∩ (S = T = 0) = ∅. Here G◦1 ≃ A
2(N−1), which maps
L ∈ G◦1 to
AL =
[
a1, . . . , aN−1
b1, . . . , bN−1
]
∈ A2(N−1)
if the line L ⊂ PN is equal to the image of the morphism P1 → PN defined by
(s : t) 7→
[
s t
]
·
[
E2 AL
]
= (s : t : sa1 + tb1 : · · · : saN−1 + tbN−1),(6)
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where E2 is the unit matrix of size 2. We set
ξ : G◦1 × P
1 → PN
to be the morphism which sends (L, (s : t)) 7→
[
s t
]
·
[
E2 AL
]
.
Let X ⊂ PN be a complete intersection defined by homogeneous polyno-
mials h = (h1, . . . , hr) ∈ H. The composite functions hi ◦ ξ is regarded as a
polynomial with variables s, t, a1, . . . , aN−1, b1, . . . , bN−1. Then h
i ◦ ξ is written
as
f i0s
di + f i1s
di−1t+ · · ·+ f idit
di ,
with some f i0, f
i
1, . . . , f
i
di ∈ K[a1, . . . , aN−1, b1, . . . , bN−1]. Here L ⊂ X if and
only if
f ik(AL) = 0 for any 1 6 i 6 r and 0 6 k 6 d
i.
Let Fh := pr1(pr
−1
2 (h) ∩ I) ⊂ G(1,P
N), which is equal to the set of lines lying
in X . Then Fh∩G
◦
1 is equal to the zero set of (r+ |d|)-polynomials f
i
k’s in the
affine space G◦1 ≃ A
2(N−1).
Remark 2.12. For a point x, we denote by Fh,x the set of L ∈ Fh such that
x ∈ L. Let x = (1 : 0 : · · · : 0). Then Fh,x ∩G
◦
1 is equal to the zero set of f
i
k’s
and a1, a2, . . . , aN−1 in G
◦
1 ≃ A
2(N−1).
For a homogeneous polynomial h ∈ K[S, T, Z1, . . . , ZN−1] of degree d with
h ◦ ξ = f0s
d + f1s
d−1t+ · · ·+ fdt
d, we have
(h ◦ ξ)aj = f0,ajs
d + f1,ajs
d−1t + · · ·+ fd,aj t
d,
(h ◦ ξ)bj = f0,bjs
d + f1,bjs
d−1t+ · · ·+ fd,bjt
d,
(7)
where (h ◦ ξ)aj := ∂(h ◦ ξ)/∂aj and so on. In addition, it follows that
(h ◦ ξ)aj = s · (hZj ◦ ξ) and (h ◦ ξ)bj = t · (hZj ◦ ξ).(8)
This is shown as follows: We write the morphism ξ by the coordinates (η0 : η1 :
ξ1 : · · · : ξN−1), which are given as in the right hand side of (6). Then (h ◦ ξ)aj
is equal to ∂η0/∂aj · (∂h/∂S) ◦ ξ + ∂η1/∂aj · (∂h/∂T ) ◦ ξ +
∑
16l6N−1 ∂ξl/∂aj ·
(∂h/∂Zl) ◦ ξ = s · (hZj ◦ ξ). Similarly, (h ◦ ξ)bj is also obtained.
We denote by v(hZj ◦ξ) the row vector of size d which represents hZj ◦ξ with
respect to the basis sd−1, sd−2t, . . . , td−1 of H0(P1,O(d− 1)), i.e.,
hZj ◦ ξ = v(hZj ◦ ξ) ·
t
[
sd−1 sd−2t . . . td−1
]
.
Each entry of v(hZj◦ξ) is a polynomial with variables a1, . . . , aN−1, b1, . . . , bN−1.
Now, for h = (h1, . . . , hr), let us consider the (N − 1)× |d| matrix
M(h) :=


v(h1Z1 ◦ ξ) · · · v(h
r
Z1
◦ ξ)
...
...
v(h1ZN−1 ◦ ξ) · · · v(h
r
ZN−1
◦ ξ)

 ,(9)
where it follows from Remark 2.4 that M(h)(AL) is of rank |d| if and only if
H0(δL(h)(−1)) is surjective. Then Jh ∩ G
◦
1 is the zero set in Fh ∩ G
◦
1 of the
polynomials given as the |d| × |d| minors of M(h
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For a polynomial f with varieties a1, . . . , aN−1, b1, . . . , bN−1, we set
Da(f)L :=
[
fa1(AL) fa2(AL) · · · faN−1(AL)
]
,
Db(f)L :=
[
fb1(AL) fb2(AL) · · · fbN−1(AL).
]
.
We denote by ei =
[
ei,1 ei,2 . . . ei,N−1
]
the row vector of size N − 1 such
that ei,i = 1 and ei,j = 0 for i 6= j, and by 0 the zero vector of size N − 1.
Remark 2.13. Let g1, . . . , gm be a minimal subset of the |d| × |d| minors of
M(h) such that Jh ∩ G
◦
1 is locally defined in G
◦
1 ≃ A
2(N−1) around L by the
|d|+ r+m polynomials g1, . . . , gm and f
i
k (1 6 i 6 r, 0 6 k 6 d
i). We consider
the (|d|+ r +m)× 2(N − 1) matrix



...
...
Da(f
i
k) Db(f
i
k)
...
...



Da(g1) Db(g1)... ...
Da(gm) Db(gm)




L
.(10)
Then Jh is smooth at L if and only if the rank of the above matrix (10) is equal
to |d|+ r+m. We note that the rank can be calculated by using formulae (7),
(8), (9).
Lemma 2.14. Every irreducible component of J is of codimension 6 N − |d|
in I.
Proof. We consider the morphism Φ : I ∩ (G◦1 × H) → A
(N−1)d which sends
(L,h) 7→ M(h)(AL). Let M|d|−1 ⊂ A
(N−1)d the locus of matrix of rank
6 |d| − 1. Then J ∩ (G◦1 × H) is equal to Φ
−1(M|d|−1). Since M|d|−1 is of
codimension N − |d| in A(N−1)d (see [1, p. 67, II, §2, Prop.]), J ∩ (G◦1 ×H) is
of codimension 6 N − |d| in I, which implies the assertion. 
3. Construction of expected pairs
3.1. Hypersurfaces. In this subsection, we assume r = 1 and give construc-
tion of pairs satisfying the statement of Proposition 2.11.
Remark 3.1. Let (L, h) ∈ G(1,PN) ×Hd satisfies h|L = 0. Then the linear
map H0(δL(h)(−1)) : K
⊕N−1 → H0(L,O(d− 1)) given in Definition 2.3 is not
surjective if and only if
ψ(hZ1|L) = · · · = ψ(hZN−1 |L) = 0
holds for some linear functional ψ : H0(P1,O(d−1))→ K. A linear functional
ψ is represented by the row vector[
c0 c1 · · · cd−1
]
(c0, . . . cd−1 ∈ K);(11)
this means that ψ(sd−1−ktk) = ck for each k.
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First we consider the case (d,N) = (4, 6). Let (S : T : Z1 : · · · : Z5) be the
homogeneous coordinates on P6, and (s : t) be on P1.
Example 3.2. Let ψ : H0(P1,O(3))→ K be a general linear functional, where
we assume that c0 = 1 in the expression (11). Let X ⊂ P
6 be a hypersurface
defined by the following homogeneous polynomial of degree 4,
h := h1Z1 + h2Z2 + h3Z3 + T
2Z4Z5,
where we set
hj := cjS
3 − S3−jT j (j = 1, 2, 3).
Let L = (Z1 = . . . Z5 = 0) ⊂ P
6. Then (L, h) ∈ J , and Jh is smooth and of
dimension N − 3 = 3 at the point L ∈ G(1,P6). The reason is as follows.
It follows that hZj ◦ ξ = hj ◦ ξ = cjs
3 − s3−jtj (j = 1, 2, 3). In particular, we
find (L, h) ∈ J as in Remark 3.1. From (7), (8), since s ·hZj ◦ ξ = cjs
4−s4−jtj ,
it follows that f0,aj = cj, fj,aj = −1, and other fj′,aj = 0. In addition, since
t · hZj ◦ ξ = cjs
3t− s3−jtj+1, it follows that f1,bj = cj, fj+1,bj = −1, and other
fj′,bj = 0. Hence, we have

Da(f0)
Da(f1)
Da(f2)
Da(f3)
Da(f4)


L
=


c1e1 + c2e2 + c3e3
−e1
−e2
−e3
0

 ,


Db(f0)
Db(f1)
Db(f2)
Db(f3)
Db(f4)


L
=


0
c1e1 + c2e2 + c3e3
−e1
−e2
−e3

 .
Here,
[
Da(f0) Db(f0)
]
L
is transformed to[
0 (c21 − c2)e1 + (c1c2 − c3)e2
]
under elementary row operations of
[
Da(fk) Db(fk)
]
L
with 1 6 k 6 4.
On the other hand, from (9), we have
M(h) =


c1 −1
c2 −1
c3 −1
a5 b5
a4 b4

 ∼


0 −1
0 −1
0 −1
c2a5 + c3b5 a5 b5
c2a4 + c3b4 a4 b4

(12)
where the right hand side is a transformation under elementary column opera-
tions, and where we consider blank entries in the matrix to be filled by 0. Here
rkM(h) < 4 if and only if 4 × 4 minors g1 = c2a4 + c3b4 and g2 = c2a5 + c3b5
are equal to zero. Now we have[
Da(g1)
Da(g2)
]
L
=
[
c2e4
c2e5
]
,
[
Db(g1)
Db(g2)
]
L
=
[
c3e4
c3e5
]
.
Hence the matrix (10) in Remark 2.13 is of rank 7, which implies that Jh∩G
◦
1,
the zero set of 7 polynomials f0, . . . , f4, g1, g2, is smooth and of codimension 7
in G◦1 ≃ A
10 at L.
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Recall that (S : T : Z1 : · · · : ZN−1) are the homogeneous coordinates on
PN .
Example 3.3. Assume that d > 3 and d 6 N −2. Let ψ : H0(P1,O(d−1))→
K be a general linear functional with c0 = 1 in (11). Let X ⊂ P
N be a
hypersurface of degree d defined by the homogeneous polynomial h := h1Z1 +
h2Z2 + · · ·+ hd−1Zd−1 + h˜, where hj := cjS
d−1 − Sd−j−1T j (1 6 j 6 d − 1),
and where
h˜ :=
{
T d−2(ZdZd+1 + Zd+2Zd+3 · · ·+ ZN−2ZN−1) if N − d is even,
ST d−3ZdZd+1 + T
d−2(Zd+1Zd+2 + Zd+3Zd+4 · · ·+ ZN−2ZN−1) if N − d is odd.
Let L = (Z1 = . . . ZN−1 = 0). Then (h, L) ∈ J , and Jh is smooth and of
dimension N − 3 at the point L ∈ G(1,PN). It can be shown in a similar way
to the previous example.
We check the calculation of the dimension of Jh and smoothness at L in the
case where N − d is odd. From (7), (8), we have

Da(f0)
Da(f1)
...
Da(fd−1)
Da(fd)


L
=


c1e1 + · · ·+ cd−1ed−1
−e1
...
−ed−1
0

 ,


Db(f0)
Db(f1)
...
Db(fd−1)
Db(fd)


L
=


0
c1e1 + · · ·+ cd−1ed−1
−e1
...
−ed−1

 .
From (9), we have that the (N − 1)× d matrix M(h) is

c1 −1
...
. . .
cd−3 −1
cd−2 −1
cd−1 −1
ad+1 bd+1
ad bd + ad+2 bd+2
ad+1 bd+1
ad+4 bd+4
ad+3 bd+3
...
...
aN−1 bN−1
aN−2 bN−2


∼


0
...
0 −Ed−1
0
0
cd−3ad+1 + cd−2bd+1
cd−3ad + cd−2(bd + ad+2) + cd−1bd+2
cd−2ad+1 + cd−1bd+1
cd−2ad+4 + cd−1bd+4 ∗
cd−2ad+3 + cd−1bd+3
...
cd−2aN−1 + cd−1bN−1
cd−2aN−2 + cd−1bN−2


.
Hence M(h) is of rank < d if and only if the d × d minors g1, . . . , gN−d are
zero, where g1 = cd−3ad+1 + cd−2bd+1, g2 = cd−3ad + cd−2(bd + ad+2) + cd−1bd+2,
g3 = cd−2ad+1 + cd−1bd+1, and
g4 = cd−2ad+3+cd−1bd+3, g5 = cd−2ad+4+cd−1bd+4, . . . , gN−d = cd−2aN−1+cd−1bN−1.
CONVEX SEPARABLY RATIONALLY CONNECTED COMPLETE INTERSECTIONS 9
Here we have:

Da(g1)
Da(g2)
Da(g3)
Da(g4)
...
Da(gN−d)


L
=


cd−3ed+1
cd−3ed + cd−2ed+2
cd−2ed+1
cd−2ed+3
...
cd−2eN−1


,


Db(g1)
Db(g2)
Db(g3)
Db(g4)
...
Db(gN−d)


L
=


cd−2ed+1
cd−2ed + cd−1ed+2
cd−1ed+1
cd−1ed+3
...
cd−1eN−1


.
Since c1, . . . , cd−1 ∈ K are general, the matrix (10) in Remark 2.13 is of rank
N + 1, which implies that Jh ∩ G
◦
1 is smooth and of codimension N + 1 in
G◦1 ≃ A
2(N−1) at the point L.
Remark 3.4. Let the characteristic is not equal to 2. Then, by taking h˜ to
be
T d−2(Z2d + · · ·+ Z
2
N−1),
we can show the same statement of Example 3.3 with easier calculations. How-
ever, this does not work in characteristic 2.
3.2. Complete intersections. First we assume that di > 3 for some i. Then
Example 3.3 is generalized to the case of r > 2. For example, we can calculate
the case of (r,N, (d1, d2)) = (2, 9, (4, 3)), as follows.
Example 3.5. Let ψ : H0(P1,O(3)) → K be a general linear functional with
c0 = 1 in (11). Let X ⊂ P
9 be a complete intersection defined by the following
homogeneous polynomials h1, h2 of degrees 4, 3:
h1 := h11Z1 + h
1
2Z2 + h
1
3Z3 + T
2Z4Z5 (h
1
j := cjS
3 − S3−jT j),
h2 := S2Z6 + TZ7 + T
2Z8.
Let L = (Z1 = . . . Z8 = 0) ⊂ P
9. Then (L, (h1, h2)) ∈ J , and J(h1,h2) is smooth
and of dimension N − r − 2 = 5 at the point L ∈ G(1,P9). The reason is as
follows.
It follows that h1Zj ◦ ξ = h
1
j ◦ ξ = cjs
3 − s3−jtj (j = 1, 2, 3). Thus we
find that H0(δL(h
1)(−1)) is not surjective as in Remark 3.1. This implies that
H0(δL(h
1, h2)(−1)) is also not surjective (see Remark 2.4); hence (L, (h1, h2)) ∈
J . The calculation of Da(f
1
k )L and Db(f
1
k )L with 0 6 k 6 4 is the same as
Example 3.2. On the other hand, from (7), (8), we have

Da(f
2
0 )
Da(f
2
1 )
Da(f
2
2 )
Da(f
2
3 )


L
=


e6
e7
e8
0

 ,


Db(f
2
0 )
Db(f
2
1 )
Db(f
2
2 )
Db(f
2
3 )


L
=


0
e6
e7
e8

 .
Next, from (9), we have
M(h1, h2) =
[
M ′
E3
]
,
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where M ′ is a 5 × 5 matrix which is the same as the left hand side of (12).
Thus, in a similar way to Example 3.2, we find that M(h1, h2) is of rank < 7
if and only if the 7 × 7 minors g1, g2 are zero. As a result, the matrix (10) in
Remark 2.13 is of rank 11, which implies that J(h1,h2) ∩ G
◦
1 is smooth and of
codimension 11 in G◦1 ≃ A
16 at L.
We denote by |d|i0 :=
∑r
i=i0
di. Then |d| = |d|1 and |d|r = d
r.
Example 3.6. Assume that d1 > 3 and
∑
di 6 N − 2. Let ψ : H0(P1,O(d1−
1)) → K be a general linear functional with c0 = 1 in (11). Let X ⊂ P
N be a
hypersurface defined by the following homogeneous polynomials h1, . . . , hr of
degrees d1, . . . , dr. We set h1 = h11Z1 + h
1
2Z2 + · · · + h
1
d1−1Zd1−1 + h˜
1, where
h1j := cjS
d1−1 − Sd
1−j−1T j , and where
h˜1 := T d
1−2(Zd1Zd1+1 + Zd1+2Zd1+3 + · · ·+ ZN−2−|d|2ZN−1−|d|2)
if N − |d| is even, or
h˜1 := ST d
1−3Zd1Zd1+1+T
d1−2(Zd1+1Zd1+2+Zd1+3Zd1+4+· · ·+ZN−2−|d|2ZN−1−|d|2)
if N − |d| is odd. Next we set h2, . . . , hr by
hi = Sd
i−1ZN−|d|i + S
di−2TZN+1−|d|i + · · ·+ T
di−1ZN−1−|d|i+1 (2 6 i 6 r).
Let L = (Z1 = . . . ZN−1 = 0). Then, in a similar way to Example 3.3 and
Example 3.5, one can show that (L, (h1, . . . , hr)) ∈ J and that J(h1,...,hr) is
smooth and of dimension N − r − 2 at the point L ∈ G(1,PN).
3.3. Complete intersections of hyperquadrics. We complete the case where
r > 2 and d1 = · · · = dr = 2. For example, for (N, r, (d1, d2)) = (7, 2, (2, 2)),
we have:
Example 3.7. Let X ⊂ P7 be the complete intersection defined by the follow-
ing homogeneous quadric polynomials:
h1 = SZ1 + TZ2 + Z5Z6, h
2 = SZ2 + TZ3 + Z4Z5.
Let L = (Z1 = . . . Z6 = 0). Then (L, (h
1, h2)) ∈ J , and J(h1,h2) is smooth and
of dimension N − r−2 = 3 at the point L ∈ G(1,P7). The reason is as follows.
It follows that
[h1Z1 |L, h
2
Z1
|L] = [s, 0], [h
1
Z2
|L, h
2
Z2
|L] = [t, s], [h
1
Z3
|L, h
2
Z3
|L] = [0, t]
and that other [h1Zi|L, h
2
Zi
|L]’s are zero. Thus the above elements does not
span the 4-dimensional vector space H0(L,O(1)) ⊕ H0(L,O(1)). Then, from
Remark 2.4, we have (L, (h1, h2)) ∈ J .
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Next, we have 
Da(f 10 )Da(f 11 )
Da(f
1
2 )


L
=

e1e2
0

 ,

Db(f 10 )Db(f 11 )
Db(f
1
2 )


L
=

 0e1
e2

 ,

Da(f 20 )Da(f 21 )
Da(f
2
2 )


L
=

e2e3
0

 ,

Db(f 20 )Db(f 21 )
Db(f
2
2 )


L
=

 0e2
e3

 .
On the other hand, we have
M(h1, h2) =


1
1 1
1
a5 b5
a6 b6 a4 b4
a5 b5

 ∼


1
0 1
1
−a5 a5 b5
a6 b6 − a4 a4 b4
a5 b5

 ,
where the right matrix is obtained by subtracting the third column from the
second column. Hence rk(M(h1, h2)) < 4 if and only if 4 × 4 minors g1 =
−a5, g2 = b6 − a4, g3 = b5 are zero. Here, it follows that
Da(g1)Da(g2)
Da(g3)


L
=

−e5−e4
0

 ,

Db(g1)Db(g2)
Db(g3)


L
=

 0e6
e5

 .
Therefore, the matrix (10) in Remark 2.13 is of rank 8; then J(h1,h2) ∩ G
◦
1 is
smooth and of codimension 9 in G◦1 ≃ A
12 at L.
Example 3.8. Assume that r > 2 and 2r 6 N − 2. We set X ⊂ PN to
be the complete intersection defined by the following homogeneous quadric
polynomials h1, . . . , hr; we set h1, h2 by
h1 = SZ1 + TZ2 + h˜
1, h2 = SZ2 + TZ3 + h˜
2,
where
h˜1 := Z2r+1Z2r+2 + · · ·+ ZN−2ZN−1, h˜
2 := Z2rZ2r+1, if N − 2r is odd,
h˜1 := Z2rZ2r+1 + · · ·+ ZN−2ZN−1, h˜
2 := 0, if N − 2r is even;
and we set h3, . . . , hr by
h3 = SZ4 + TZ5, . . . , h
i = SZ2i−2 + TZ2i−1, . . . , h
r = SZ2r−2 + TZ2r−1.
Let L = (Z1 = . . . ZN = 0). Then (L, (h
1, . . . , hr)) ∈ J , and J(h1,...,hr) is
smooth and of dimension N − r− 2 at the point L ∈ G(1,PN). This assertion
follows in a similar way to Example 3.7.
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3.4. Surjectivity of the projection from J to H. First, we consider the
remained part, |d| = N − 1:
Lemma 3.9. If |d| = N − 1, then the statement of Theorem 2.9 holds.
Remark 3.10. Since all di > 2, we have 2r 6 |d| < N . Hence 2(N − r) =
2N − 2r > N . Then [6, Cor. 2] implies that a smooth complete intersection
X ⊂ PN of type d is simply connected.
Proof of Lemma 3.9. Assume that pr2(J) 6= H, and take a general h ∈ H such
that h /∈ pr2(J). Let X ⊂ P
N be a complete intersection defined by h. We
denote by Fh ⊂ G(1,P
N) := pr1(pr
−1
2 (h)), which is the space of lines lying in
X , and consider universal family Univ ⊂ Fh×X with projection u : Univ → X .
Here u−1(x) is identified with the space of lines lying in X passing through a
point x. Since pr−12 (h) ∩ J = ∅, every line L ∈ Fh is free, where we have
NL/X = O
⊕N−1
L . Since h
1(L,NL/X(−1)) = 0, every fiber u
−1(x) is smooth and
of dimension h0(L,NL/X(−1)) = 0. Hence u is e´tale morphism. Since X is
simply connected, u is isomorphic. This contradicts that the length of u−1(x)
is > 1 if X is general (see Remark 2.12). 
Proof of Proposition 2.11. It follows from Examples 3.6 and 3.8. 
Now, we have the surjectivity of pr2 |J : J → H.
Proof of Theorem 2.9. The case of |d| > N − 1 follows immediately from
Remark 2.10 and Lemma 3.9.
Assume |d| 6 N − 2. From Proposition 2.11, there exists a pair (L,h) ∈ J
such that pr−12 (h) ∩ J ≃ Jh is smooth and of dimension N − r − 2 at (L,h).
We consider the exact sequence
0→ T(L,h)(pr
−1
2 (h) ∩ J)→ T(L,h)J
d(L,h)(pr2 |J)
−−−−−−−→ ThH.
From Lemma 2.14 and the equality (1) in Remark 2.2, we have
dim(T(L,h)J)− dim(T(L,h)(pr
−1
2 (h) ∩ J))
> (dim(I)− (N − |d|))− (N − r − 2) = dim(H),
which implies that the linear map d(L,h)(pr2 |J) is surjective. Hence the mor-
phism pr2 |J is smooth on an open neighborhood of (L,h) in J , and hence, is
surjective. 
4. Non-free rational curves
From Theorem 2.9, there exists a non-free line lying in a complete intersec-
tion X ⊂ PN in the case of 2N − 2 − r > |d| and deg(X) > 2. On the other
hand, for |d| > N , the following lemma is immediately obtained:
Lemma 4.1. Let X ⊂ PN be a smooth complete intersection of type d =
(d1, . . . , dr). If |d| > N , then every immersion µ : P
1 → X is non-free.
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Proof. Let µ∗TX ≃
⊕N−r
i=1 OP1(ai) be the splitting on P
1 with integers a1 >
a2 > · · · > aN−r. Taking the positive integer b with µ
∗(OX(1)) = OP1(b), since∧N−r TX = OX(N +1−|d|), we have∑16i6N−r ai = b(N +1−|d|) 6 0. Since
TP1 → µ
∗TX is injective, we find that a1 > 2. Therefore ai0 < 0 for some i0.
Then H1(P1, µ∗TX ⊗ OP1(−1)) 6= 0. 
Remark 4.2. We check that each of the conditions (ii-iv) in §1 implies the
condition (i) in Theorem 1.2. First, (iv) implies (i); this is because, X contains
a line if (iv) holds, as in Lemma 2.7. Next, (ii) or (iii) implies (iv), as follows.
From [9, IV, Thm. 3.7], X is separably rationally connected if and only if there
exists µ : P1 → X such that µ∗TX is ample, where the latter condition implies
|d| 6 N . On the other hand, X is Fano if and only if |d| 6 N .
Proof of Theorem 1.2. Let X ⊂ PN be a complete intersection of type d =
(d1, . . . , dr) satisfying the assumption of Theorem 1.2. Without loss of gener-
ality, we may assume that all di > 1.
Suppose that
∏
di = deg(X) > 2. Then we can find a non-free immersion
µ : P1 → X , as follows. Assume 2N−2−r > |d|. Taking defining polynomials
h = (h1, . . . , hr) of X , from Theorem 2.9, we have that J ∩ pr−12 (h) 6= ∅; this
means that a non-free line in X exists. Assume 2N −2− r < |d|. We may also
assume N − r > 2. Then N < |d| holds. By the condition (i) in Theorem 1.2,
an immersion exists and is non-free because of Lemma 4.1.
Let µ : P1 → X be a non-free immersion. For the splitting µ∗TX ≃⊕N−r
i=1 OP1(ai) with ai ∈ Z, it follows ai0 6 −1 for some i0. Taking a dou-
ble cover ι2 : P
1 → P1, since the splitting of (ι2 ◦ µ)
∗TX contains OP1(2ai0),
we have H1(P1, (ι2 ◦ µ)
∗TX) 6= 0, which contradicts that X is convex. Hence
deg(X) 6 2 must hold. 
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